Quasinormal modes and greybody factors of the novel four dimensional
  Gauss-Bonnet black holes in asymptotically de Sitter space time: Scalar,
  Electromagnetic and Dirac perturbations by Devi, Saraswati et al.
Quasinormal modes and greybody factors of the novel four dimensional Gauss-Bonnet
black holes in asymptotically de Sitter space time: Scalar, Electromagnetic and Dirac
perturbations
Saraswati Devi1,∗ Rittick Roy2,† and Sayan Chakrabarti1‡
1Department of Physics, Indian Institute of Technology Guwahati, Guwahati 781039, India and
2Department of Physics, Indian Institute of Technology Bombay, Mumbai 400076, India
(Dated: May 1, 2020)
We find the low lying quasinormal mode frequencies of the recently proposed novel four dimen-
sional Gauss-Bonnet de Sitter black holes for scalar, electromagnetic and Dirac field perturbations
using the third order WKB approximation as well as Pade´ approximation, as an improvement over
WKB. We figure out the effect of the Gauss-Bonnet coupling α and the cosmological constant Λ
on the real and imaginary parts of the QNM frequencies. We also study the greybody factors and
eikonal limits in the above background for all three different types of perturbations.
I. INTRODUCTION
Black holes are one of the most intriguing objects in
the theory of general relativity (GR). They are the sim-
plest objects that one can come across in the study of
GR, simply because they are parametrised by only three
parameters: the mass, the charge and the spin. It is one
of the reasons why black holes have attracted so much
attention apart from the fact that they are mathemat-
ically beautiful as well as strange objects by their own
merit at the same time. Among many other interesting
areas of studies, quasinormal modes (QNMs) have gained
attention for the last few decades in discussing the per-
turbations of black holes [2, 3, 74, 75]. It is well known
that for a large family of black holes, the perturbation
equations can be cast into a Schro¨dinger like form. The
QNMs come out as the solutions of the corresponding
Schro¨dinger like wave equation with complex frequencies
with boundary conditions which are purely ingoing at the
horizon and outgoing at spatial infinity. QN frequencies
carry unique information about the black hole parame-
ters and despite the classical origin, it was found that
QNMs might provide a hint into the quantum nature of
the black holes [5–7]. In addition, QNMs in anti de Sitter
(AdS) space-time has been shown to appear naturally in
the description of the dual conformal field theories living
on the boundary (see [3] for a detailed list of references).
QNMs of black holes have already been observed in the
ground based experiments [8, 9] and they already present
a plethora of information about black holes. However, re-
search areas still remain open towards interpreting those
results which requires the exploration of alternative the-
ories of gravity [10, 11] towards understanding funda-
mental problems like singularity resolution or a quantum
nature of gravity.
QNMs of black holes have originally been studied in
the context of Einstein’s theory of general relativity (see
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[3] for a comprehensive list of references). QNMs dom-
inate the last stage of an extremely complicated yet in-
triguing process of the merger of binary compact objects
(for example black hole (BH) - black hole or black hole -
neutron star (NS) merger), whereas the first two stages
consist of the inspiral of the two BHs or NSs and merger
of the two BHs or NSs into a single one. It has been ob-
served that the last stage of formation of the single BH or
NS from the binary merger is dominated by the quasinor-
mal ringing and this process corresponds to an extremely
strong gravitational field which cannot be modeled using
the help of post-Newtonian approximation. However, it
is this last stage of the merger process which carries the
necessary imprint of the characteristics of a particular
theory of gravity [10]. In fact black holes in a number
of alternative theories of gravity may produce the same
observational signature in the asymptotic regions, but
can lead to qualitatively different features near the event
horizon. Therefore, studying various alternative theories
of gravity in the strong field region still remains an active
and interesting area of research in the context of gravi-
tational wave signatures of black holes.
One such alternative theory is the Einstein-Gauss-
Bonnet (EGB) theory of gravity which consists of higher
curvature corrections to the Einstein-Hilbert term in the
gravitational action. Because of the reason described
above, there had been a lot of interests in black holes
arising from higher curvature corrections to Einstein-
Hilbert action. On another front, lot of new develop-
ments in string theory [12–14] had increased this par-
ticular theories importance on the gravity side as well.
It is well known that low energy limits of string theo-
ries give rise to effective models of gravity in higher di-
mensions, which involve higher powers of the Riemann
curvature tensor in the action in addition to the usual
Einstein-Hilbert term [12]. The Gauss-Bonnet combina-
tion R2−4RabRab+RabcdRabcd is of most interest among
these higher powers of Riemann tensor and the theory
also admits black hole solutions [15–17]. Not only in
string generated gravity models, the Gauss-Bonnet black
holes has also gained interest in the context of brane
world models [18] as well as in the context of possible
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2production at the LHC [19].
It is imperative to note that the Gauss-Bonnet action
in D-space time dimensions, having the following form∫
dDx
√−g{R2−4RabRab+RabcdRabcd} gives non-trivial
equations of motion only in 4 + 1 dimensions or higher,
while in 3+1 dimensions the Gauss-Bonnet term reduces
to a topological surface term (see [20] for details). Lot of
works has been done on quasinormal modes and stabiilty
of black holes arising out of EGB gravity in space time
dimensions D > 4[22–38].
As mentioned, in four space time dimensions, the
Gauss-Bonnet term does not contribute to the gravita-
tional dynamics since it becomes a surface term. How-
ever, very recently a non-trivial extension of EGB theory
of gravity has been proposed by Glavan and Lin [39] in
four space time dimensions as D → 4 limit of the higher
dimensional Gauss-Bonnet theory. It has been shown
that the EGB gravity theory can be reconstructed in a
particular way where the Gauss-Bonnet coupling can be
re-scaled as α/(D − 4), with α being the Gauss-Bonnet
coupling. This theory in four space time dimension was
soon termed as novel 4D EGB theory, which is defined as
a D → 4 limit at the level of equations of motion. It was
shown that the D → 4 singular limit of the Gauss-Bonnet
term produces some non trivial contributions to the grav-
itational dynamics, but preserves the number of graviton
degrees of freedom. This novel EGB theory can be shown
to be free from Ostrogradsky instability [39] too. More-
over, it was shown that such a theory does not require
coupling to any matter field, it bypasses all conditions im-
posed by Lovelock’s theorem [20] and is also free from any
singularity problem. The discovery of such a theory in
D = 4 dimensions, therefore, has generated tremendous
interest in the area of higher curvature theories which has
been reflected in the large volume of works being done in
a short span of time [40–72]. Our aim in this work is to
study the quasinormal modes of black holes in four di-
mensional novel EGB gravity in asymptotically de Sitter
spaces. While there were many works on constructing
different black hole solutions, such as static spherically
symmetric black holes [39], black holes in AdS spaces
[42], rotating black holes and their shadows [44, 46], gen-
eralised four dimensional black holes in Einstein-Lovelock
gravity [43], radiating Vaidya like black holes [51], reg-
ular black holes [64, 65]; not much effort has gone into
figuring out the QNMs of spherically symmetric black
holes with the exceptions of [40, 57, 58, 68]. Our aim
is to fill up this gap in the literature by studying the
quasinormal modes of spherially symmetric black hole in
novel four dimensional EGB gravity in asymptotically de
Sitter space time.
The plan of this paper is as follows: in the next section
we will briefly discuss about the four dimensional EGB
gravity and the black hole solutions in them with a par-
ticular focus on the asymptotically de Sitter branch. In
section III, we will describe the scalar, electromagnetic
and Dirac perturbations of the black hole metric and will
briefly describe the methodology adopted to evaluate the
QN frequencies, section IV presents the results of our cal-
culations. We give a brief discussion on the eikonal limit,
Lyapunov exponents and unstable circular null geodesics
following [81] in section V. A very brief discussion on
the greybody factors is given in section VI. Finally we
conclude the paper with a discussion on our results and
future outlook.
II. NOVEL FOUR DIMENSIONAL
EINSTEIN-GAUSS-BONNET GRAVITY
In their recent work, Glavan and Lin [39] had shown
by constructing a model of the novel four dimensional
Einstein-Gauss-Bonnet gravity that the four important
criteria, dictated by Lovelock’s theorem [20, 21] for Ein-
stein’s general relativity with the cosmological constant
to be an unique theory of gravity (viz. existence of 3+1
dimensional space time, general coordinate invariance,
metricity and existence of second order equations of mo-
tion) can be overridden and the model can exhibit mod-
ified dynamics. To understand it in a better way, let us
recall that the action for a general D-dimensional EGB
gravity theory can be written as
SEGB [gab] = SEH [gab] + SGB [gab], (1)
where the Einstein-Hilbert action is
SEH [gab] =
1
16piGN
∫
dDx
√−g [R− 2Λ] . (2)
In writing Eq. (2) and in the rest of the paper, we have
chosen GN , the D-dimensional Newton’s constant to be
unity, R is the Ricci scalar and Λ is the bare cosmologi-
cal constant. In fact both GN = 1/8piM
2
pl and Λ are the
parameters of the theory, where Mpl is the Planck mass
characterising the strength of the gravitational interac-
tion. It is well known that Einstein’s General theory of
Relativity is a perturbatively non-renormalizable theory,
and it can be made sensible by adding higher curvature
corrections to the Einstein-Hilbert action in strong grav-
ity regimes. Among different choices of higher curvature
terms, the Lovelock corrections play a crucial role in the
sense that the field equations contain terms only up to the
second derivative of the metric and secondly, the gravita-
tional dynamics remains free of the Ostrogradsky insta-
bilities. Of particular interest is the third order Lovelock
correction, known as the Gauss-Bonnet term and the ac-
tion looks like
SGB [gab] =
1
16pi
∫
dDx
√−gαG, (3)
where, α is the Gauss-Bonnet coupling constant and
G is the Gauss-Bonnet term having the form G =
RabcdR
abcd−4RabRab+R2 in which Rabcd is the Riemann
curvature tensor, Rab is the Ricci tensor and R is the
Ricci scalar. Incorporating such terms in the Einstein-
Hilbert action had already generated many interesting
3scenarios a few of which was mentioned in the introduc-
tion of this paper. It is to be noted that the Gauss-
Bonnet term in four space time dimensions turns out to
be a total divergence, hence it does not contribute to
any gravitational dynamics. However, by re-scaling the
Gauss-Bonnet coupling constant in G as α→ α/(D − 4)
and then taking the limit D → 4, one can obtain the
novel four dimensional EGB gravity theory [39]. There-
fore, following Eqn. (1), the action for novel four di-
mensional EGB gravity with the scaled coupling constant
α/(D − 4) can be written as
SEGB [gab]=
1
16pi
∫
dDx
√−g
[
R− 2Λ + α
D − 4 ×
(RabcdR
abcd − 4RabRab +R2)
]
+ Smatter,(4)
where, Smatter represents action corresponding to any
matter fields in the theory. One can vary the action
with respect to the metric and setting the variation to
be equal to zero: δSEGB/δg
ab = 0, leads to the equa-
tions of motion
8piTab = G
(Λ)
ab +G
(EH)
ab +G
(LL)
ab , (5)
where, the tensors in the RHS of Eqn. (5) respectively are
G
(Λ)
ab = Λgab, the Einstein tensor G
(EH)
ab = Rab − 12Rgab
and the Lanczos-Lovelock tensor
G
(LL)
ab = −
α
D − 4
[1
2
gab(RmnpqR
mnpq − 4RmnRmn +R2)
−2RRab − 4RamRmb + 4RambnRmn − 2RamnpR mnpb
]
.(6)
The four dimensional novel EGB theory, at the level of
equations of motion, can be obtained as a limit D →
4 [39], circumventing the Lovelock’s theorem. Such a
theory admits black hole solutions (it admits both de
Sitter as well as anti de Sitter branches, see [39, 42, 51]
for details):
ds2 = −f(r)dt2 + f−1(r)dr2 + r2(dθ2 + sin2 θdφ2),
with
f(r) = 1 +
r2
32piα
[
1−
√
1 +
128piαM
r3
+
64piαΛ
3
]
.(7)
In the above M is related to the black hole mass. In
the limit α → 0, the above solution reduces to the
Schwarzschild de Sitter solution and as r → ∞, f(r)
reduces to the asymptotically de Sitter space time with
positive cosmological constant. The Gauss-Bonnet cou-
pling constant α can in principle be either positive or
negative. In fact, it can be shown that in appropriate pa-
rameter region, the solution has two horizons: the event
horizon rH and the cosmological horizon rc. However, in
the α < 0 regime, the metric function does not remain
real for small values of the radial coordinate. However,
we are not interested in very small values of r, rather our
interest lies in the region rH < r < rc, therefore, we can
in principle allow α to take negative values.
III. SCALAR, ELECTROMAGNETIC AND
DIRAC PERTURBATIONS
We study the quasinormal modes of the metric given by
Eq. (7) for scalar, electromagnetic and Dirac perturba-
tions. Here we will take a rescaling of the Gauss-Bonnet
coupling constant 32piα → α, and use this as the new
Gauss-Bonnet coupling constant for convenience. So the
metric simply reduces to
f(r) = 1 +
r2
α
[
1−
√
1 +
4αM
r3
+
2αΛ
3
]
. (8)
The Klein-Gordon equation for a massless scalar field in
a black hole background takes the form
1√−g ∂a(
√−ggab∂bΦ) = 0, (9)
whereas, the electromagnetic field in curved spacetime
follows the equation
1√−g ∂a(
√−gFbcgbdgca) = 0, (10)
where Fbc = ∂bAc − ∂cAb and Aa is the four vector po-
tential. After separation of variables, the radial parts of
the above equations take the form
d2Ψs
dr2∗
+ (ω2 − Vs(r))Ψs = 0 (11)
where, s = “scalar” refers to scalar field and s = “em”
refers to electromagnetic field and r∗ is the tortoise co-
ordinate defined as
dr∗ =
dr
f(r)
(12)
The effective potentials for the scalar and electromag-
netic cases are respectively given by
Vscalar(r) = f(r)
(
l(l + 1)
r2
+
1
r
df(r)
dr
)
, (13)
and
Vem(r) = f(r)
(
l(l + 1)
r2
)
. (14)
For a Dirac field on the other hand, the covariant Dirac
equation has the form [73]
γα
(
∂
∂xα
− ωα
)
Ψ = 0, (15)
where γα are the Dirac gamma matrices and ωα are the
spin connections. After applying the method of separa-
tion of variables, the radial part of the above equation
can be cast in the Schro¨dinger like form again, however
4with two different potentials corresponding to two differ-
ent chiralities
d2Ψ±
dr2∗
+ (ω2 − V dirac± (r))Ψ± = 0, (16)
where, the effective potentials are of the form:
V dirac± (r) =
(l + 1)
r
f(r)
(
(l + 1)
r
∓
√
f(r)
r
± d
√
f(r)
dr
)
.
(17)
Note that the potentials V dirac+ (r) and V
dirac
− (r) can be
transformed among each other implying that the quasi-
normal modes obtained from these two seemingly dif-
ferent potentials are isospectral. Therefore one can use
either of the two V dirac± (r) for calculation of quasinor-
mal modes. It is worth mentioning here that the sta-
bility of the scalar and electromagnetic perturbations in
a general black hole background can be confirmed from
the positive definiteness of the effective potential. How-
ever, it was shown very recently that the situation with
the Dirac field is a little bit different, particularly if one
considers higher curvature corrected black holes as well
as study them in asymptotically de Sitter space times.
Firstly, it was shown that even if the effective potential
for one of the chiralities consists of a negative gap, the
Dirac field perturbation can keep the black hole stable
[84]. However, the positive definiteness of the potential
of any one of the potentials for any one of the chirali-
ties does not help in asymptotically de Sitter black hole
backgrounds because the potential for both chiralities in
general may have negative gaps [83]. Keeping these fea-
tures in mind, we plan to study the quasinormal modes
of the novel Gauss-Bonnet de Sitter black hole in four
space time dimensions. We plot the effective potential
of all three kinds of perturbations in Fig. (1). The
quasinormal modes are the solutions of the master wave
equation given by Eq. (11) satisfying the conditions of
purely outgoing waves at infinity and pure ingoing waves
at the event horizon. In the next section we will look
into approximation routines to compute the quasinormal
frequencies for the above three types of perturbations.
A. Methodology used: WKB approximation and
Pade´ approximation
It is well known that the analytic computation of quasi-
normal modes is almost impossible in most of the cases
except a few background like BTZ black hole. Therefore,
in order to numerically obtain the quasinomal frequen-
cies, we have employed the 3rd order WKB approxima-
tion along with the improvements figured out using 3rd
order Pade´ approximation. It is already very well known
that based on the semi classical arguments, Schutz and
Will [76] had suggested the WKB technique, which was
later modified in [77], by matching the exterior WKB
solutions across the two turning points, which can be
done only when the two classical turning points are close
enough. The potential in the interior region was then
expanded using the Taylor series expansion upto sixth
order. The asymptotic approximation to the interior so-
lution is used to match the 3rd order WKB. The formula
for quasinormal frequencies using third order WKB ap-
proach is given by [77]
ω2 = [V0+(−2V ′′0 )1/2Λ˜(n)]−i(n+
1
2
)(−2V ′′0 )1/2[1+Ω˜(n)].
(18)
where, Λ˜ = Λ/i and Ω˜ = Ω/(n + 12 ) and Λ and Ω are
given by
Λ(n) =
i
(−2V ′′0 )1/2
[1
8
(
V
(4)
0
V ′′0
)(
1
4
+ ν2
)
− 1
288
(
V
(3)
0
V ′′0
)2
(7 + 60ν2)
]
(19)
Ω(n) =
(n+ 12 )
(−2V ′′0 )1/2
[
5
6912
(
V
(3)
0
V ′′0
)4
(77 + 188ν2)
− 1
384
(
V
(3)2
0 V
(4)
0
V ′′30
)
(51 + 100ν2) +
1
2304
×
(
V
(4)
0
V ′′0
)2
(67 + 68ν2) +
1
288
(
V
(3)
0 V
(5)
0
V ′′20
)
×
(19 + 28ν2)− 1
288
(
V
(6)
0
V ′′0
)
(5 + 4ν2)
]
, (20)
where, V
(n)
0 is the n-th derivative of the effective poten-
tial with respect to the tortoise coordinate calculated at
the maximum of the potential r0, V0 is the height of the
potential maximum and ν = n+1/2, where n is a positive
integer.
As a matter of fact, it should be pointed out here that
the accuracy of the WKB method depends crucially on
the multipole number l and the overtone number n. It
has been shown in [78] that the WKB approach works
extremely well for situations where the multipole num-
ber is larger compared to the overtone: l > n. It is such a
good approximation that the results from numerical inte-
gration of the wave equation and the WKB results are in
good agreement, but the WKB approach does not yield
satisfactory results if l = n and is not applicable for l < n.
On the other hand, the results are progressively better
with increasing l values. In order to increase the accuracy
of the higher order WKB approach, it has been recently
proposed to use Pade´ approximation on the usual WKB
formula. As has been observed by Bender and Orszag
[82], Pade´ approximations often works well even beyond
the range of applicability of WKB approximation. Here
in this paper we have generated the quasinomal frequen-
cies using the 3rd order WKB and Pade´ approximation
and quoted both results in order to look for the improve-
ments that the Pade´ approximation induces.
5(a) α = 0.2 (red) and α = −0.2 (blue) (b) Λ = 0.02 (red) and Λ = 0.08 (blue)
FIG. 1: The figure plots the effective potential Veff with the radial coordinate r for the scalar (solid),
electromagnetic (dotted) and the Dirac (dashed) perturbation.
IV. RESULTS
We have numerically obtained the quasinormal fre-
quencies for the scalar, electromagnetic and Dirac pertur-
bations. We have exploited the 3rd order WKB approx-
imation and Pade´ approximation for calculating the fre-
quencies of the four dimensional Einstein-Gauss-Bonnet
de Sitter black hole. The frequencies have been obtained
for a wide range of parameter values, by individually
varying l, α and Λ. The results for all three types of
perturbations are presented in Table I and Table II. Our
findings are summarised in Fig. (2).
A. Scalar perturbation
The inference that can be made from the above figures
is that both the oscillation frequency and the damping
rate decreases with increasing values of Λ. Also as α de-
creases and eventually becomes negative, the real part
of the frequency decreases whereas the imaginary part
becomes more negative implying that the damping in-
creases. For positive increasing values of alpha the real
part of the frequency increases, except for the l = 0 mode
where the real part was found to be decreasing with in-
creasing α, whereas the imaginary part increases.
B. Electromagnetic perturbation
We observed similar behaviour to the case of scalar
perturbation in case of the electromagnetic perturbation
i.e. both the oscillation frequency and the damping rate
decreases with increasing values of Λ. As α becomes
more negative, the real part of the frequency decreases
whereas the imaginary part becomes increasingly more
negative implying that the decay of the modes is faster.
For increasing values of α, both the real part and the
imaginary part increases, implying increasing oscillation
and a decrease in the damping rate.
C. Dirac perturbation
The qualitative behaviour of the Dirac case is also
pretty similar to the above two cases. The oscillation fre-
quency and the damping rate decreases with increasing
values of Λ. With a decreasing value of α, the real part of
the frequency decreases whereas the imaginary part be-
comes more negative implying increase in the damping
rate and vice-versa. However, as can be seen from the
figures, for some modes the variation is not smooth. One
common nature observed in all the three cases is that
for a fixed value of l, as n increases, the real part of the
frequency decreases whereas the imaginary part becomes
more negative implying that as the overtone increases
for a fixed l, the damping rate increases. The results
are summarised in Fig. (2), where we have plotted the
real and imaginary part of the quasinormal frequency for
different set of parameter values.
V. EIKONAL QNMS, LYAPUNOV EXPONENTS
AND NULL GEODESICS
In the previous section we studied the quasi-normal
frequencies for the four dimensional Gauss-Bonnet de-
Sitter black hole solution employing third order WKB
and Pade´ approximants. In this section, we would be in-
terested in looking at the QNFs in the eikonal limit i.e.
for very very large l values.
It has been well known that for static spacetimes,
the scalar, electromagnetic and Dirac perturbations have
similar behaviour in the eikonal limit [80] and their effec-
tive potential in this limit could be simultaneously given
by
Veikonal = l(l + 1)
f(r)
r2
(21)
Exploiting this simple observation and the fact that the
peak of the effective potentials in the eikonal limit, r0,
coincides with that of the unstable null geodesics rp, Car-
doso et.al. [81] showed that the QNFs of a spherically
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FIG. 2: The figure plots the real and imaginary parts of the quasinormal frequencies vs the different parameters
(α,Λ) of the four dimensional Gauss-Bonnet de Sitter spacetime, for different types of perturbations, for a fixed
mass of M = 0.5. The different colors denotes the different modes for different values of (l, n): red (0, 0); blue (1, 0);
black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)
symmetric, asymptotically non-AdS black hole, in the
eikonal limit could be expressed by a very simple for-
mula, which only depends on the metric function f(r)
and the position of the unstable null geodesic rp, given
by
ωQNM = Ωpl − i(n+ 1/2)|λ| (22)
where, Ωp =
√
fp
r2p
and
λ =
1√
2
√√√√−r2p
fp
(
d2
dr2∗
f
r2
)
r=rp
(23)
where the subscript p denotes that the corresponding
quantity has been calculated at the unstable null ra-
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Scalar frequencies EM frequencies Dirac frequencies
WKB Pade´ WKB Pade´ WKB Pade´
l = 0, n = 0
0.05 0.191851 - 0.203018 i 0.217115 - 0.188491 i - - 0.35688 - 0.173238 i 0.39021 - 0.14534 i
0.1 0.176822 - 0.200981 i 0.194184-0.186394 i - - 0.338482 - 0.162822 i 0.368328-0.13681 i
0.15 0.160047 - 0.196268i 0.169978-0.181467 i - - 0.318778 - 0.151993 i 0.34516-0.127841 i
0.2 0.141785 - 0.18859 i 0.148664-0.184423 i - - 0.297486 - 0.140628 i 0.320425-0.118332 i
0.25 0.122442 - 0.17803i 0.127506-0.174134 i - - 0.274207 - 0.12855 i 0.293732-0.108145 i
l = 1, n = 0
0.05 0.565756 - 0.17396 i 0.569998 - 0.173652 i 0.491597 - 0.162554 i 0.497129 - 0.162263 i 0.745408 - 0.169465 i 0.758533 - 0.16181 i
0.1 0.528726 - 0.166532 i 0.532142-0.166151 i 0.46572 - 0.154036 i 0.470431-0.153756 i 0.704743 - 0.159868 i 0.71612-0.152461 i
0.15 0.490219 - 0.157751 i 0.492718-0.157472 i 0.438005 - 0.144944 i 0.441911-0.14467 i 0.661493 - 0.149753 i 0.671201-0.142623 i
0.2 0.450008 - 0.147533 i 0.451764-0.147167 i 0.408084 - 0.135147 i 0.411209-0.134873 i 0.615113 - 0.138992 i 0.623236-0.132176 i
0.25 0.407704 - 0.135771 i 0.408856-0.135299 i 0.375435 - 0.124459 i 0.377818-0.124186 i 0.564831 - 0.127412 i 0.571455-0.120958 i
l = 1, n = 1
0.05 0.52127 - 0.53719 i 0.527453 - 0.533341 i 0.435811 - 0.510813 i 0.444061 - 0.505422 i 0.708779 - 0.51868 i 0.715535 - 0.359014 i
0.1 0.494656 - 0.510235 i 0.49951-0.50712 i 0.418053 - 0.480494 i 0.425114-0.47587 i 0.673411 - 0.487725 i 0.675567-0.338491 i
0.15 0.464595 - 0.480984 i 0.46831-0.478612 i 0.398227 - 0.449089 i 0.404096-0.445216 i 0.635276 - 0.455507 i 0.633195-0.316863 i
0.2 0.431015 - 0.448461 i 0.433718-0.446559 i 0.375867 - 0.416157 i 0.380581-0.413006 i 0.593788 - 0.421635 i 0.587946-0.293851 i
0.25 0.393812 - 0.411944 i 0.395598-0.41023 i 0.350355 - 0.381107 i 0.353984-0.378636 i 0.54813 - 0.385565 i 0.539103-0.269094 i
l = 2, n = 0
0.05 0.944699 - 0.1714 i 0.945696 - 0.171379 i 0.902054 - 0.167263 i 0.903127 - 0.167234 i 1.12689 - 0.169579 i 1.13428 - 0.166011 i
0.1 0.888283 - 0.16259 i 0.889111-0.162562 i 0.852451 - 0.158068 i 0.853368-0.15804 i 1.06456 - 0.160023 i 1.07089-0.15655 i
0.15 0.829162 - 0.152897 i 0.829823-0.152864 i 0.799758 - 0.148314 i 0.80052-0.148286 i 0.998434 - 0.149928 i 1.00374-0.146701 i
0.2 0.766736 - 0.142233 i 0.767245-0.142194 i 0.743323 - 0.137876 i 0.743934-0.137848 i 0.927684 - 0.13917 i 0.932051-0.135917 i
0.25 0.700131 - 0.130461 i 0.700513-0.130413 i 0.68222 - 0.126579 i 0.682688-0.126551 i 0.851162 - 0.127577 i 0.854649-0.124474 i
l = 2, n = 1
0.05 0.915765 - 0.519938 i 0.917682 - 0.519229 i 0.870677 - 0.508523 i 0.87277 - 0.507717 i 1.10179 - 0.513102 i 1.08211 - 0.414238 i
0.1 0.864759 - 0.492051 i 0.866335-0.491433 i 0.825968 - 0.479385 i 0.827758-0.478689 i 1.04337 - 0.483418 i 1.02162-0.390803 i
0.15 0.810215 - 0.461984 i 0.811479-0.461475 i 0.777896 - 0.448823 i 0.779385-0.448236 i 0.980924 - 0.452281 i 0.95681-0.366767 i
0.2 0.751675 - 0.429274 i 0.752663-0.428857 i 0.779385-0.448236 i 0.726982-0.415958 i 0.913617 - 0.419307 i 0.88925-0.339532 i
0.25 0.688381 - 0.393375 i 0.689123-0.392995 i 0.668676 - 0.381683 i 0.669603-0.381303 i 0.84028 - 0.383964 i 0.815449-0.311051 i
l = 2, n = 2
0.05 0.866557 - 0.878753 i 0.870839 - 0.875728 i 0.818191 - 0.861649 i 0.822857 - 0.858214 i 1.05787 - 0.865609 i 1.05469 - 0.563642 i
0.1 0.824142 - 0.829065 i 0.827575-0.826545 i 0.780821 - 0.809826 i 0.784814-0.806893 i 1.00575 - 0.813699 i 0.995787-0.531736 i
0.15 0.777282 - 0.77677 i 0.779939-0.774784 i 0.739979 - 0.756148 i 0.743273-0.753722 i 0.949425 - 0.759757 i 0.933381-0.49803 i
0.2 0.725457 - 0.720678 i 0.727435-0.719142 i 0.69488 - 0.699911 i 0.697483-0.697981 i 0.888002 - 0.703117 i 0.866721-0.462122 i
0.25 0.667922 - 0.659599 i 0.669273-0.658321 i 0.644467 - 0.640159 i 0.646417-0.638696 i 0.82024 - 0.642859 i 0.794751-0.423441 i
TABLE I: The table shows the quasinormal frequencies for scalar, electromagnetic and Dirac perturbation
calculated using 3rd order WKB and 3rd order Pade´ approximation for different modes and for different values of
the cosmological constant Λ
dius rp and r∗ is the tortoise coordinate. Physically, Ωp
denotes the angular frequency of the unstable orbiting
photons and λ denotes the principle Lyapunov exponent
at the unstable null geodesics. We find the eikonal fre-
quency using the third order WKB approximation for all
three type of perturbation and from the approximate for-
mula Eq. (22) and report the numbers in Table III. The
convergence of the frequencies with each other and with
the approximate formula with the increasing value of l is
evident from the table.
VI. GREYBODY FACTOR
In this section we discuss the frequency dependent re-
flection and transmission coefficient, R(ω) and T (ω) re-
spectively, for a scattering process of the scalar, EM and
Dirac wave from the black hole. This case is different
from the quasi normal frequency calculation since we re-
lax the boundary condition of no-incoming wave from
infinity. After scattering off of the effective potential,
the asymptotic behaviour of the wave could be written
in tortoise coordinate as
ψ(r∗) = T (ω)e−iωr∗ ; r∗ → −∞ (24)
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Scalar frequencies EM frequencies Dirac frequencies
WKB Pade´ WKB Pade´ WKB Pade´
l = 0, n = 0
-0.2 0.195772 - 0.253448 i 0.198904-0.217768 i - - 0.322481 - 0.208132 i 0.392702-0.169171 i
-0.1 0.199106 - 0.240021 i 0.23807-0.198974 i - - 0.334381 - 0.201881 i 0.394429-0.16497 i
0.1 0.201651 - 0.214774 i 0.217165-0.198971 i - - 0.35669 - 0.187761 i 0.399369-0.155677 i
0.2 0.199762 - 0.203244 i 0.229576-0.188228 i - - 0.367382 - 0.179329 i 0.402809-0.150239 i
0.3 0.193427 - 0.190947 i 0.229452-0.178089 i - - 0.377815 - 0.169283 i 0.40716-0.143584 i
l = 1, n = 0
-0.2 0.549937 - 0.206004 i 0.550216-0.203365 i 0.461665 - 0.194293 i 0.462492-0.189986 i 0.717943 - 0.1996 i 0.739206-0.186294 i
-0.1 0.557607 - 0.199144 i 0.559472-0.198003 i 0.470891 - 0.188415 i 0.473619-0.18541 i 0.728607 - 0.194272 i 0.748297-0.182503 i
0.1 0.57638 - 0.185835 i 0.580238-0.185338 i 0.493014 - 0.175219 i 0.498365-0.174221 i 0.753786 - 0.182295 i 0.769883-0.173194 i
0.2 0.587311 - 0.177812 i 0.591926-0.177599 i 0.506358 - 0.167434 i 0.512385-0.167129 i 0.768739 - 0.175014 i 0.782949-0.167197 i
0.3 0.599501 - 0.168454 i 0.604401-0.16845 i 0.521617 - 0.1582 i 0.527825-0.158251 i 0.78572 - 0.166146 i 0.798141-0.160778 i
l = 1, n = 1
-0.2 0.495205 - 0.640069 i 0.501489-0.635617 i 0.39027 - 0.613196 i 0.399185-0.605314 i 0.662923 - 0.619354 i 0.699135-0.389366 i
-0.1 0.502021 - 0.619566 i 0.511528-0.61807 i 0.402402 - 0.595906 i 0.411282-0.58849 i 0.677267 - 0.601569 i 0.706976-0.386021 i
0.1 0.524966 - 0.578625 i 0.532149-0.575213 i 0.430211 - 0.554447 i 0.439029-0.548075 i 0.710442 - 0.561208 i 0.726343-0.377132 i
0.2 0.535675 - 0.552912 i 0.542598-0.548649 i 0.44563 - 0.528629 i 0.454575-0.522776 i 0.72886 - 0.536773 i 0.738618-0.370809 i
0.3 0.545344 - 0.522544 i 0.553166-0.518376 i 0.461115 - 0.49729 i 0.470598-0.491876 i 0.747842 - 0.507336 i 0.749214-0.365865 i
l = 2, n = 0
-0.2 0.914376 - 0.200167 i 0.914363-0.19977 i 0.864146 - 0.196003 i 0.864129-0.195497 i 1.08844 - 0.198134 i 1.09919-0.191307 i
-0.1 0.927706 - 0.194433 i 0.92812-0.1952 i 0.878275 - 0.191211 i 0.878691-0.190862 i 1.10418 - 0.193461 i 1.11438-0.187508 i
0.1 0.959097 - 0.183588 i 0.959925-0.183664 i 0.911108 - 0.179739 i 0.912119-0.179628 i 1.14091 - 0.182208 i 1.14975-0.177852 i
0.2 0.977433 - 0.17629 i 0.978527-0.176265 i 0.930539 - 0.172552 i 0.931706-0.172521 i 1.16271 - 0.175093 i 1.17078-0.171533 i
0.3 0.99823 - 0.167449 i 0.999374-0.167457 i 0.952729 - 0.163741 i 0.953937-0.163749 i 1.18763 - 0.166321 i 1.19494-0.164708 i
l = 2, n = 1
-0.2 0.872879 - 0.611238 i 0.875131-0.610292 i 0.818125 - 0.600068 i 0.820701-0.598741 i 1.05027 - 0.603375 i 1.04124-0.454037 i
-0.1 0.885805 - 0.59152 i 0.89161-0.596388 i 0.835216 - 0.584975 i 0.837712-0.583759 i 1.06855 - 0.588533 i 1.05689-0.449661 i
0.1 0.924658 - 0.559073 i 0.927215-0.559376 i 0.874034 - 0.548465 i 0.876359-0.547481 i 1.11083 - 0.552839 i 1.0941-0.437141 i
0.2 0.944793 - 0.535835 i 0.946892-0.535036 i 0.896104 - 0.525452 i 0.898376-0.52458 i 1.13518 - 0.530337 i 1.11664-0.428069 i
0.3 0.966438 - 0.507735 i 0.968645-0.507014 i 0.920002 - 0.497242 i 0.922308-0.496468 i 1.16186 - 0.502703 i 1.13789-0.422383 i
l = 2, n = 2
-0.2 0.806628 - 1.03816 i 0.812274-1.03368 i 0.744812 - 1.0216 i 0.751293-1.01558 i 0.987769 - 1.02449 i 1.0245-0.601971 i
-0.1 0.814278 - 1.00222 i 0.834468-1.01126 i 0.766823 - 0.99572 i 0.772782-0.99041 i 1.00978 - 0.998469 i 1.0376-0.598987 i
0.1 0.868698 - 0.94851 i 0.875572-0.947909 i 0.814313 - 0.932399 i 0.819472-0.928275 i 1.05991 - 0.935659 i 1.06913-0.58956 i
0.2 0.890101 - 0.907925 i 0.894772-0.904524 i 0.839203 - 0.892084 i 0.844248-0.888357 i 1.08741 - 0.895997 i 1.08845-0.582131 i
0.3 0.910593 - 0.858723 i 0.915856-0.85535 i 0.863356 - 0.842427 i 0.868766-0.838855 i 1.11535 - 0.847334 i 1.10249-0.577596 i
TABLE II: The table shows the quasinormal frequencies for scalar, electromagnetic and Dirac perturbation
calculated using 3rd order WKB and 3rd order Pade´ approximation for different modes and for different values of
the coupling constant α
l Scalar EM Dirac Approximate frequency from Eq. (22)
3500 1321.97 - 0.169845 i 1321.97 - 0.169845 i 1322.16 - 0.169845 i 1321.778513516667734 - 0.169844849949930035 i
4000 1510.79 - 0.169845 i 1510.79 - 0.169845 i 1510.98 - 0.169845 i 1510.604015447620313 - 0.169844849781841718 i
4500 1699.62 - 0.169845 i 1699.62 - 0.169845 i 1699.81 - 0.169845 i 1699.429517378572879 - 0.169844849666595429 i
5000 1888.44 - 0.169845 i 1888.44 - 0.169845 i 1888.63 - 0.169845 i 1888.255019309525439 - 0.169844849584157273 i
5500 2077.27 - 0.169845 i 2077.27 - 0.169845 i 2077.46 - 0.169845 i 2077.080521240477990 - 0.169844849523160555 i
TABLE III: The table shows the quasinormal frequencies for the n = 0 mode and for very large multipole numbers l
for a four dimensional Gauss-Bonnet de Sitter black hole with M = 0.5, α = 0.2 and Λ = 0.05
9(a) α = 0.4 (red) and α = 0.1 (blue) for Λ = 0.02 and l = 1 (b) α = 0.4 (red) and α = 0.1 (blue) for Λ = 0.02 and l = 1
(c) Λ = 0.02 (red) and Λ = 0.08 (blue) for α = 0.15 and l = 1 (d) Λ = 0.02 (red) and Λ = 0.08 (blue) for α = 0.15 and l = 1
(e) l = 1 (red) and l = 2 (blue) for Λ = 0.02 and α = 0.15 (f) l = 1 (red) and l = 2 (blue) for Λ = 0.02 and α = 0.15
FIG. 3: The figure plots the reflection and transmission coefficient of the scattered scalar (solid), electromagnetic
(dotted) and Dirac (dashed) wave for M = 0.5 and different parameter values
ψ(r∗) = e−iωr∗ +R(ω)eiωr∗ ; r∗ →∞ (25)
In the WKB approximation, the reflection coefficient is
given by
R(ω) = (1 + e−2piiβ)
1
2 (26)
where β, under the third order WKB approximation, is
given by
i(ω2 − V (r0))√−2V ′′(r0) − V2 − V3 (27)
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where V2 and V3 is given by
V2 = −iΛ(n), (28)
V3 =
−1√−2V ′′0 Ω(n) (29)
Conserving probability we get
γl = |T (ω)|2 = 1− |R(ω)|2 (30)
where γl is the greybody factor. This method of finding
the reflection coefficient has been extensively employed in
past literature. Below we plot the behaviour of the reflec-
tion and transmission coefficient, with the frequency of
the wave, for a wide range of parameter values in Fig. (3).
The general nature of the greybody factors for different
types of waves is essentially similar. The greybody fac-
tors increases with an increasing l, whereas it decreases
with an increase in the coupling constant α. This also im-
plies, that the greybody factors for negative α would be
greater than positive ones. The greybody factors tend to
increase with an increase in the cosmological parameter.
VII. CONCLUSION AND FUTURE
DIRECTIONS
Very recently, it has been shown [39] that the EGB
gravity theory can be reconstructed in a particular way
where the Gauss-Bonnet coupling can be re-scaled as
α/(D − 4). This theory in four space time dimension,
the novel 4D EGB theory, defined as a D → 4 limit at
the level of equations of motion admits black hole solu-
tions in asymptotically flat and (anti)-de Sitter spaces.
The quasinormal modes of the scalar, gravitational and
Fermionic fields for the asymptotically flat black holes in
this background were already studied [40, 57]. Motivated
by this, in this paper, we have extended the calculations
to asymptotically de Sitter space time and evaluated the
quasinormal modes of massless scalar, electromagnetic
and Dirac field respectively.
We find that both the oscillation frequency and the
damping time decreases with increasing values of the cos-
mological constant Λ. On the other hand, we observe
that as the Gauss-Bonnet coupling α decrease and even-
tually crosses over to negative values, the real part of the
frequency start decreasing whereas the imaginary part
also starts to become more negative, implying that the
damping increases. For positive increasing values of al-
pha the real part of the frequency increases. This re-
mains the qualitative feature of all the three different
types of perturbations that we have considered in this
paper. From our results we can figure out the the stabil-
ity of the scalar and electromagnetic perturbations can be
confirmed from the positive definite potential, however,
the Dirac case is a bit different. The positive definite-
ness of the potential of any one of the potentials for any
one of the chiralities does not help in asymptotically de
Sitter black hole backgrounds because the potential for
both chiralities will have negative gaps [83, 84]. Thus,
one may require to perform a full time domain analysis
in order to understand the stability feature of the space
time under Dirac perturbation. The present study there-
fore can only give the qualitative nature of variations of
the QN frequencies with the Gauss-Bonnet coupling and
cosmological constant as far as fermionic perturbation is
concerned.
Along with the quasinormal modes, we have also per-
formed the calculation of the greybody factor for all three
different types of perturbations. We have figured out that
the general feature of the greybody factors for the three
different types of perturbation fields is essentially simi-
lar. The greybody factors increases with an increasing
l, whereas it decreases with an increase in the Gauss-
Bonnet coupling constant α. We also figured out that the
greybody factors for negative α turns out to be greater
than those corresponding to positive values of α. Finally,
the greybody factors tend to increase with an increase in
the cosmological constant.
Novel four dimensional EGB gravity has created a lot
of uproar ever since it was proposed. The importance of
the theory lies in the fact that so far which was a higher
dimensional theory (the Gauss-Bonnet term was only a
topological term in four dimensions), can now be applied
in the context of four dimensional space time in which
we live in - this can open up many interesting windows
in the study of alternative theories of gravity. Moreover,
having a look at the AdS branch will also be interesting
in its own right. Calculations of the perturbations and
the stability study of the novel 4D Gauss-Bonnet black
hole in AdS background will be an important future ex-
tension of the present work. This may also be important
to understand the AdS/CFT conjecture, since quasinor-
mal modes describe the approach to equilibrium in the
conformal field theory side.
Note added: On the day of the submission of the
present manuscript, a paper appeared in arXiv [85] which
also deals with the same type of perturbations discussed
here. While the paper [85] gave the time domain analysis,
which we did not present here, our work contains some
more additional studies on greybody factor and eikonal
limits.
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